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$u_{0}$ : $\Omegaarrow \mathbb{R}^{d}$
(V
$xarrow(u_{0}^{1}(x), u_{0}(2x),$ $\cdots,$ $u_{0}^{d}(X))$ ,





Definition 1 $u_{\lambda}=(u_{\lambda}^{1}, u_{\lambda}^{2}, \cdots, u_{\lambda}^{d})$ : $\Omegaarrow \mathbb{R}^{d}$ ( $\lambda$ ) GL
$u_{\lambda}$
$-\triangle u+\lambda(|u|^{2}-1)u=0$ in $\Omega$ , (1)
$u=u_{0}$ on $\partial\Omega$ . (2)
$u_{\lambda}$
$W^{1,2}$ (1) (2)
Remark 1( $[\mathrm{p}$ . xvii, 1] or [4]) (1) Ginzburg-Landau System $0$ $d=2$
$|u_{\lambda}|$ II
$|u_{\lambda}|=\{$
$0$ ( ) ,
1
i.e. $|u_{\lambda}|=0$
1162 2000 91-98 91
Remark 2(Bochner Inequality)
$e_{\lambda}(u_{\lambda}):= \frac{1}{2}(|\nabla u_{\lambda}|^{2}+\frac{\lambda}{2}(|u_{\lambda}|^{2}-1)^{2})$ (3)
$e_{\lambda}$
$-\triangle e_{\lambda}\leq\exists_{Ce_{\lambda}^{2}}$ . (4)
$C$ generic $\mathrm{o}(3)$ $e_{\lambda}$ Ginzburg-Landau energy
density
Remark 3 ( ) (1) $I_{\lambda}$ Euler-Lagrange
$u$ : $\Omegaarrow \mathbb{R}^{d}$ $I_{\lambda}$




$= \sum_{i=1}^{d}\int\Omega u^{i}(-\triangle+\lambda(|u|^{2}-1)u^{i})\cdot\phi id_{X}=0$ .
$A_{u_{0}}=$ { $u\in W^{1,2}(\Omega;\mathbb{R}d)$ , ; $u=u_{0}$ on $\partial\Omega$ }
$I_{\lambda}(u_{\lambda})= \inf_{A_{u_{\mathrm{O}}}}I_{\lambda}(u)$
$u_{\lambda}\in W^{1,2}(\Omega;\mathbb{R}d)$ ( minimizer ) $u_{\lambda}$
$u_{\lambda}=u_{0}$ (1)
minimizer $u_{\lambda}$ GL $u_{\lambda}$
$u_{\lambda}\in C^{\infty}(\Omega)$ , $\lambda$ . (5)
$|u_{\lambda}|\leq|u_{0}|=1$ in $\Omega$ , (6)
$\forall_{C_{r}(x_{0)}}\subset\forall_{C_{R}(x_{0)}}\subset\subset\Omega$
$\frac{1}{r^{d-2}}\int_{C_{r}(x_{0}})e\lambda(u_{\lambda})d_{X}\leq\frac{1}{R^{d-2}}\int_{C_{R}(x_{0}})e\lambda(u_{\lambda})dx$. (7)
$C_{r}(X_{0})$ $x_{0}$ , – $r$ cube
$I_{\lambda}(u_{\lambda}) \leq I_{\lambda}(u_{0})=\frac{1}{2}\int_{\Omega}(|\nabla u_{01^{2}}+\frac{\lambda}{2}$ $(|u0|^{2} - 1)$ $2)dx$
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$= \frac{1}{2}\int_{\Omega}|\nabla u\mathrm{o}|^{2}dx$ . (8)
$\lambda$ $\lambda(\nu)$ ,
$u_{\lambda(\nu)}arrow\exists_{u_{\infty}}\in W^{1,2}$ , $|u_{\lambda(\nu)}|arrow 1$ a.e (9)
$u_{\infty}$ $\triangle u_{\infty}+|\nabla u_{\infty}|^{2}u\infty=0$
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2Nonlinear Fefferman-Phong’s Inequality(NFPI)
Theorem 1(Fefferman-Phong ) $Q\mathrm{o}$ $d$- cube
$f\in[mathring]_{H}^{1,2}(Q_{0}),$ $g\in L^{1}(Q_{0})$ $g$ :
$\exists_{C_{1}}>0$ s.t $\int_{Q}|g|dx\leq C_{1}$ $($diam $Q)^{d-2}$ $(^{\forall_{\mathrm{C}\mathrm{u}}}\mathrm{b}\mathrm{e} Q\subset\subset Q_{0})$ , (10)
$\exists_{C_{2}}>0$ , $0<\exists_{\alpha}$ $\mathrm{s}.\mathrm{t}$ $\frac{1}{|E|^{\alpha}}\int_{E}|g|d_{X}\leq\frac{C_{2}}{|Q|^{\alpha}}\int_{Q}|g|d_{X}$ (11)
for $\forall$ measurable set $E\subset\forall_{\mathrm{c}\mathrm{u}\mathrm{b}\mathrm{e}}$ $Q\subset\subset Q_{0}$ .
$\exists_{C}=C(C_{1}, C_{2})>0$ $\mathrm{s}.\mathrm{t}$ $\int_{Q_{0}}|f|^{2}gdx\leq C\int_{Q_{0}}|\nabla f|^{2}dx$ . (12)
Remark 4 $g$ Reverse H\"older inequality : $\exists\delta>0$ s.t
$( \frac{1}{|Q|}\int_{Q}gd1+\delta)^{1/(1}x+\delta)\leq\frac{\exists \mathit{0}}{|Q|}\int_{Q}gdx$ (13)
$\Rightarrow$ $g$ (11)





Ginzburg-Landau energy density $e_{\lambda}$
Theorem 2 (Nonlinear Feflerman-Phong ) $e_{\lambda}$ Ginzburg-Landau energy
$\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}e_{\lambda}(\mathrm{t}_{\int}\kappa..\text{ }=\max\{e_{\lambda}\text{ _{}\circ 12}<p-\kappa, 0\}<,$ $\text{ }\ovalbox{\tt\small REJECT}\llcorner\langle_{0}\kappa>0\text{ _{ } _{ }}$
cube $C_{R}(X_{0})\subset\subset\Omega$
$\int_{C_{R}(X)}\mathit{0}((e^{(\kappa)}\lambda)^{p/}2)^{22}+/pdX$
$\leq\frac{C}{R^{d-2}}\int_{C_{R}(}x_{0})Xe\lambda d\cdot(\int_{c_{R(x}}0)|\nabla(e_{\lambda}^{(\kappa)})p/2|2dX)$ . (14)
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$C$ generic $e_{\lambda}^{(\kappa)}|_{\partial C_{R}}=0\text{ }3^{- \text{ _{}\circ}}$
$arrow \text{ }\text{ }l\mathrm{h}$ 9 $\text{ _{}\mathfrak{o}}^{\supset}\Rightarrow\dagger$ $\iotarightarrow\vee k^{\mathrm{Y}}\mathrm{A}\mathrm{a}\text{ }$ $\text{ }$ $\xi$)
(14) .
$A\sim B$ $A$ $B$ $R$
$\int_{C_{R}(x)}0((e_{\lambda}(\kappa))^{p/}2)^{\overline{z}}((e_{\lambda}^{(\kappa)})p/2)\overline{\angle}/pdx$
$(e_{\lambda} \sim\frac{1}{R^{d}}\int_{C_{R}(x)}\mathit{0}e_{\lambda}dx(R>0 +\text{ }))$
$\sim\int_{C_{R}(x)}0((e_{\lambda}(\kappa))^{p/2})^{\angle}dx\cdot\frac{1}{R^{d}}\int_{C_{R}(}x_{0})Xe\lambda d$
$\leq C\int_{C_{R}(x)}0|\nabla(e_{\lambda}^{(\kappa}))p/2|2d_{X\cdot\frac{1}{R^{d-2}}}\int_{c_{R}}(x_{0})e_{\lambda}dX$ ( $\cdot.\cdot$ Poincar\’e ).
$f:=(^{(\kappa)}e_{\lambda})^{p/2}$ , $g:=e_{\lambda}$
Fefferman-Phong
Remark 6Theorem 2 energy density (7)
$f$ $g$ level set compatible
$0$ (7) Theorem 1 Fefferman-Phong




Theorem 3(Uniform boundedness of $e_{\lambda}$ w.r.t $\lambda$) $\epsilon_{0}$
$C_{R}\subset\subset$ $\Omega$
$\frac{1}{R^{d-2}}\int_{C_{R}}e_{\lambda}dx<\epsilon_{0}$ $\Rightarrow$ $\mathrm{e}\mathrm{s}\mathrm{s}_{C_{R}}.\sup e_{\lambda}\leq\frac{C}{R^{2}}$.
Theorem 4




Corollary 1 $x_{0}\in$ Reg $R_{0}=R_{0}(X_{0})>0$ $\lambda_{0}=\lambda_{0}(x\mathrm{o})>0$
$\lambda>\lambda_{0}$
$\frac{1}{R^{d-2}}\int_{C_{R}}e_{\lambda}dX<\epsilon_{0}$
$\Rightarrow$ $\mathrm{e}\mathrm{s}\mathrm{s}_{CR}.\sup(\frac{1}{2}|\nabla u_{\lambda}|2+\frac{\lambda}{4}(|u_{\lambda}|^{2}-1)^{2})$ $\leq\frac{C}{R^{2}}$
$\Rightarrow$ 1 $-\sqrt{\frac{C}{\lambda R_{0}^{2}}}\leq|u_{\lambda}|^{2}$ on $\forall_{X}\in C_{R_{0}}(X_{0})$ .
$\lambda$ $|u_{\lambda}|=$. $1$ .
Theorem 3,4 Corollary 1
Theorem 5 (Main) Ginzburg-Landu energy density $e_{\lambda}$ (d–2)-
$\lambda$ – $\lambda$ $|u_{\lambda}|$
$d=2$
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Proof of theorem 3
$e_{\lambda}$
$\mathrm{D}\mathrm{e}\mathrm{G}\mathrm{i}_{\mathrm{o}\mathrm{r}}\mathrm{g}\mathrm{i}$ class $\kappa>0$
$\int_{A_{R}^{(\kappa)}}(x0))|\nabla(e_{\lambda}^{()}|^{2}\kappa p/2d_{X}\leq C\kappa^{p+1}|A^{(\kappa)}(RX_{0})|$ (15)
$A_{R}^{(\kappa)}(X_{0}):=\{x\in C_{R}(x\mathrm{o});e_{\lambda}>\kappa\}$
(15) Ladyzenskaya- Ural’ceva $e_{\lambda}\leq C/R^{2}$
$=\mathrm{D}$
$e_{\lambda}$ (15)
. $\cdot$ ) Bochner inequality
$-\triangle e_{\lambda}\leq Ce_{\lambda}^{2}$ .
$(e_{\lambda}^{(\kappa)})^{p1}-$
$C_{R}$








(NFPI ) $\frac{C}{R^{d-2}}\int_{C_{R}}e_{\lambda}dx\cdot\int_{C_{R}}|\nabla(e_{\lambda}^{()})\kappa p/2|^{2}d_{X}$ .
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